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Multiplicity free U(2)-actions and triangles
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Abstract: We classify the compact, connected multiplicity free
Hamiltonian U(2)-manifolds with trivial principal isotropy group
whose momentum polytope is a triangle.
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1. Introduction

A fundamental invariant of a compact and connected Hamiltonian K-mani-
fold M, where K is a compact connected Lie group, is its momentum polytope
P(M). In [Knoll], F. Knop showed that if M is multiplicity free (see Def-
inition 2.6 below) then P(M) together with the principal isotropy group of
the K-action uniquely determines M. This assertion had been conjectured by
Th. Delzant in the 1990s. Knop also gave necessary and sufficient conditions
for a polytope to be the momentum polytope of such a multiplicity free mani-
fold M. These conditions involve a representation theoretic object, called the
weight monoid, associated to smooth affine spherical varieties, which consti-
tute a certain class of complex algebraic varieties equipped with an action of
a complex reductive group.

In this paper, we apply Knop’s classification result in the case where K =
U(2) and determine the compact and connected multiplicity free Hamiltonian
U(2)-manifolds whose momentum polytope is a triangle and whose principal
istotropy group is trivial. The result is summarized in Table 2. In contrast to
Knop’s work, which yields local descriptions of the multiplicity free manifold
“above” open subsets of the momentum polytope, we have found explicit,
global descriptions of the U(2)-manifolds under consideration. Our hope is
that they constitute useful “experimental data” to study the following natural
question: Which geometric information about a multiplicity free manifold M
can “directly” be read off its momentum polytope P(M)?
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In Section 2, we review basic facts about Hamiltonian actions and recall,
in Theorem 2.3, a special case of a local description, given by R. Sjamaar
in [Sja98], of the momentum polytope of a Hamiltonian manifold. We also
provide the necessary background to be able to state, in Theorem 2.9, a spe-
cial case of Knop’s aforementioned classification theorem, which is adapted
to our setting. Example 2.1 establishes notation we will use in Sections 3
to 5. The first purpose of Section 3 is to further specialize Knop’s Theo-
rem 2.9 to the case K = U(2): the classification of smooth affine spherical
(SL(2,C) x C*)-varieties from [PPVS18] yields Proposition 3.3, which gives
an elementary and explicit characterization of the momentum polytopes of
compact and connected multiplictity free U(2)-manifolds with trivial princi-
pal isotropy group. A first application is Proposition 3.7, which extends the
applicability of the K&hlerizability criterion [Woo98b, Theorem 8.8] due to
C. Woodward. We also extend [Woo98b, Theorem 9.1] and show in Proposi-
tion 3.17, using the extension criterion of S. Tolman’s [Tol98], that a multi-
plicity free U(2)-manifold with trivial principal isotropy group carries a U(2)-
invariant compatible complex structure if and only if it carries a T-invariant
compatible complex structure, where 7' is a maximal torus of U(2). We then
apply Proposition 3.3 to find in Proposition 4.2 the list of all triangles which
occur as momentum polytopes of multiplicity free U(2)-manifolds with triv-
ial principal isotropy group. The rest of Section 4 is devoted to the proof of
Theorem 4.3: for each such triangle we explicitly and globally describe the
corresponding compact and connected multiplicity free U(2)-manifold. Fi-
nally, in Theorem 5.3 of Section 5, we show that exactly four nonequivariant
diffeomorphism types occur among these manifolds.

We have tried to keep the exposition explicit and elementary in order to
make our results and the employed techniques, which come from different ar-
eas of mathematics, accessible to as many readers as possible. The techniques
can directly be applied to the other compact Lie groups of rank 2 and should
yield analogous classifications and results.

Notation

We use the convention that 0 € N. From Section 3 onward, T" will be the
maximal torus of U(2) consisting of diagonal matrices and T the subgroup
of diagonal matrices in GL(2) := GL(2,C). We will use the notation from
Example 2.1 throughout the paper.

Unless otherwise stated, K will denote a compact connected Lie group
and G = K€ its complexification, which is a complex connected reductive
linear algebraic group.
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2. Background
Multiplicity free manifolds

In this section, we review basic facts about Hamiltonian actions on symplectic
manifolds, mostly following [Sja98], and then state results of Sjamaar (Theo-
rem 2.3) and of Knop (Theorem 2.9) that will be essential in the proof of our
main result.

We begin with some basic notions and facts from the theory of compact
Lie groups. Let T be a maximal torus in the compact, connected Lie group K.
We will use ¢ and t for the Lie algebras of K and T, respectively. Furthermore
£* and t* are the dual vector spaces, and we equip £ with the coadjoint action
of K. We can and will view t* as a subspace of £* using the identification

= E) ce

with the subspace of T-fixed vectors in €. We denote the weight lattice of K
by A, that is
A = Homg(ker(exp |¢),Z) C t*,

where exp : £ — K is the exponential map. Note that
A — Hom (T, U(1)), v — [exp(€) = exp(2my/—1(1, &)

is a bijection between A and the character group of T, with inverse map

1
2my/—1

where A, is the derivative of A at the identity. We will use this bijection to
identify A with Hom(7, U(1)). In particular, if V' is a complex representation
of K and v € V is a weight vector of weight A\ € A, then we have (with abuse
of notation)

Hom(T,U(1)) = A, X — s

£-v=2m/—=1A(§)v for all £ € t, and
t-v=A{t)vforallteT.
The complexification G := K€ of K is a complex connected reductive
group. Moreover, K is a maximal compact subgroup and the complexification

TC of T is a maximal (algebraic) torus of G. Recall that the weight lattice
Hom(T®,C*) of G can be identified with A using the restriction map

Homalg.gp_(Tc,(CX) — Homyjie gp. (T, U(1)), A = Al
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Fix a maximal unipotent subgroup N of G which is normalized by T* and
let t; be the (closed) Weyl chamber in t* which is positive with respect to N.
It is a fundamental domain for the coadjoint action of K on £ and for the
natural action of the Weyl group

W .= N(T)/T
of K on t*. Then
A/\+ = Aﬂt+

is the monoid of dominant weights. Highest weight theory tells us that the
assignment

V +— the weight of the T-action on V¥

is a bijection between the set of isomorphism classes of irreducible finite-
dimensional complex representations of K and A™. When A € A", we will
write V() for the (up to isomorphism) unique irreducible finite-dimensional
complex representation of K with highest weight A. Furthermore, K and G
have the same finite-dimensional complex representations: if dime V' < oo and
p: K — GL(V) is a homomorphism of Lie groups then there exists a unique
homomorphism 7 : G — GL(V) of algebraic groups such that p|x = p.

Example 2.1. To illustrate the objects we just recalled and to fix notation
that we will use in what follows, we explicitly describe the objects in the case
where K is the unitary group U(2) of rank 2. We choose the maximal torus

T—{(tl 0) Ztl,tQE(C,hfl’—’tQ‘—l}CU(Q).
0 ¢t

The complexification of U(2) is GL(2) := GL(2,C) and that of 7" is

T(C = {(tol tO2> tt1,10 € (CX} C GL(Q)

We will write €1, €9 for the basis of t* dual to the basis

. 2my/—1 0 (0 0
&= 0 0] 2= 1o 2my/—1

of t. Then the weight lattice is

A = spang{e1,ea}
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and viewed as elements of Hom(7, U(1)) or of Hom(T®,C*) the characters
€1, &9 are defined by

(2.1) . (tol t02>

For N we choose the subgroup

{EHERS

of GL(2). The corresponding Weyl chamber is then

t; forie{1,2}.

ty={ et :(a’,)\) >0},
where
(2.2) al =& —&
is the coroot of the simple root
(2.3) ai=¢e—ep€ACHt

of U(2) (and of GL(2)).
The Weyl group W of U(2) (and of GL(2)) is isomorphic to the symmetric
group S and the nontrivial element s, € W acts on t* by the reflection

sa(A) = A= (¥, N)a, where \ € t*.
The monoid of dominant weights is
AT = spany{wi, ws, —wa}, where wy == ¢; and wy == &1 + €.

Observe that wy is the highest weight of the standard representation of U(2)
(or of GL(2)), which we will usually simply denote by C2. We will also use the
notation C,« for the one-dimensional representation V' (kws), where k € Z:

A-z=det(A)*z forall z € Cy,r and all A in U(2) or in GL(2).

A Hamiltonian K-manifold is a triple (M, w, i), where (M, w) is sym-
plectic manifold equipped with a smooth K-action K x M — M and a
momentum map pu, which means, by definition, a smooth map p: M — ¢*
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that is K-equivariant with respect to the coadjoint action of K on £ and
satisfies

dus = 1(Eyp)w for all € € L.
Here & is the vector field on M defined by

d
Ev(x) = 7 exp(t§) - x € T, M, where x € M,
t=0

and p¢ : M — R is the function with pué(m) = u(m)(€). Since we have
identified the Weyl chamber t; with a subset of £* we can define

(2.4) P(M) := p(M) Nty

In [Kir84, Theorem 2.1], F. Kirwan proved that P(M) is the convex hull of
finitely many points when M is compact and connected. In that case, we call
P(M) the momentum polytope of M.

Example 2.2 describes an important source of Hamiltonian K-manifolds:
projective spaces P(V') associated to unitary representations V' of K.

Example 2.2. Let V be a finite-dimensional unitary representation of K with
K-invariant Hermitian inner product (-,-), where we adopt the convention
that (-,-) is complex-linear in the first entry. Following [Sja98, Ex. 2.1 and
2.2], we describe well-known structures of Hamiltonian /K -manifolds on V' and
on the associated projective space P(V'), which is the space of complex lines
in V. The map

. A
(25 p 2V = 8 (0)(€) = Yo (6, 0)
where ¢ € ¢, is a momentum map for the K-invariant symplectic form
wy(+,-) = —Im(-,-) on V. The Fubini-Study symplectic form wp(yy on P(V)
corresponding to (-,-) is invariant under the natural K-action on P(V') and
we equip P(V') with the momentum map

(2.6) pev) - BV) = 8 e ([v])(§) = \/2? ﬁZ,H??

where ¢ € £ and [v] is the complex line through v € V'\ {0}.
If K is a torus and v € V' is a weight vector with weight A, then uy (v) =
—7||v||*v and ppgyy([v]) = —A € €. This implies that

(2.7) py (V) = —cone{A1, Ag, ..., \v}
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and that the momentum polytope of (P(V'), up(yy) is
(2.8) PP(V)) = ppy(P(V)) = —conv(Ag, Az, ..., Ar),

where A1, Ag, ..., A\ are the weights of K in V.

The following Theorem, which is due to Sjamaar and which was extracted
from [Sja98] will be useful in Section 4. In order to state it, we recall that the
symplectic slice of a Hamiltonian K-manifold M in m € M is the symplectic
vector space

(2.9) N i= T (K -m) L ) (T (K - m) N T (K - m)t),

where T,,,(K - m)* is the symplectic annihilator of T, (K - m) in T}, M. The
isotropy action of K, on T,,M induces a natural symplectic representation
of K,, on N,,.

Theorem 2.3 ([Sja98]). Let (M, i) be a compact connected Hamiltonian K -
manifold. Suppose m € M such that p(m) lies in the interior of ty.

(a) If (m) is a vertex of P(M), then K,, =T.
(b) Suppose K, =T. Then

(2.10) Ny = Trn(K -m)* 2 T,,M/T,,(K - m)

as T-modules, where N,, is the symplectic slice of M in m. Moreover,
the cone with vertex p(m) spanned by P(M) is equal to p(m)—conell,,,
where 11, is the set of weights of the symplectic T-representation Ny, .

Proof. Assertion (a) is contained in part 2. of [Sja98, Theorem 6.7]. Assertion
(b) follows from part 1. of loc.cit. and from (2.7) above; see also the paragraph
in [Sja98] containing Equation (6.9). To apply (2.7) to the symplectic T-
representation N, we recall that any symplectic T-representation (V,wy )
can be made into a unitary representation by choosing a T-invariant complex
structure on V' that is compatible with the symplectic form wy and that the
weights of the representation are independent of this choice. O

Remark 2.4. In both parts of this remark, the point m € M is as in part
(b) of Theorem 2.3.

(a) The cone with vertex p(m) spanned by P (M) is not pointed when p(m)
is not a vertex of P(M) (we recall that a cone is called pointed when it
does not contain any line).
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(b) Later in this paper we will use the fact that there exists a K-invariant
diffeomorphism ¢ from the homogeneous fiber bundle K x1 N,, onto
a K-invariant neighborhood of K - m in M such that ¢([e,0]) = m
(we recall the construction of K xp N, below in Proposition 2.11).
This is an application of the slice theorem (see, e.g., [Kaw91, Theorem
4.10]). Actually, the proof of Theorem 2.3(b) uses the symplectic slice
theorem of Marle [Mar88] and Guillemin-Sternberg [GS90] (see, e.g.,
[Sja98, Theorem 6.3] for a statement of this theorem).

We will also make use of the following well-known fact. For a proof, see,
e.g., [GS05, Theorems 1.2.1 and 1.2.2].

Proposition 2.5. Let (M,w,pn) be a compact connected Hamiltonian K-
manifold with momentum polytope P(M) and let r : € — t* be the dual
map to the inclusion t — €. Then (M,w,r o ) is a Hamiltonian T-manifold
whose momentum polytope Pr(M) := r(u(M)) satisfies the equality

(2.11) Pr(M) = conv ( U w - P(M)) :

weW

Definition 2.6. A multiplicity free K-manifold is a compact and con-
nected Hamiltonian K-manifold M such that

(2.12) p(a)/K, is a point for every a € pu(M).

Remark 2.7. (a) We have included connectedness and compactness in the
definition of a multiplicity free K-manifold to avoid having to frequently
repeat the associated adjectives in this paper. The (more general) notion
of multiplicity free Hamiltonian manifold was introduced in [MF78] and
[GS84] as a Hamiltonian K-manifold M of which the Poisson algebra
of K-invariant smooth functions M — R is an abelian Lie algebra.
Equivalent conditions on M are given in [HW90, Theorem 3]. As shown
in [Wo0096, Proposition A.1], for a compact, connected Hamiltonian K-
manifold M this original definition is equivalent to condition (2.12).

(b) Let (M,w, 1) be a compact connected Hamiltonian K-manifold. As ob-
served in [Knoll], just after Definition 2.1, M is multiplicity free if and
only if

M/K —-P(M): K -mw— pu(K-m)Nty

is a homeomorphism. Furthermore, if the principal isotropy group of
the K-action on M is discrete, then M is multiplicity free if and only if

(2.13) dim(M) = dim(K) + rtk(K),
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see [Wo096, Proposition A.1].

In order to state Knop’s classification theorem for multiplicity free mani-
folds we introduce some additional notation and recall some more well-known
facts. A smooth affine complex G-variety X is called spherical if its ring of
regular functions C[X] is multiplicity free as a G-module, that is

dim Hom®(V ()\), C[X]) < 1 for all A € AT,

The weight monoid I'(X) of X is the set of highest weights of C[X], that is
P(X) = {A € A" : Hom%(V()), C[X]) # {0} } .

As proved by Losev in [Los09, Theorem 1.3], a smooth affine spherical G-
variety X is uniquely determined by I'(X), up to G-equivariant isomorphism.
If a € ty C € then the complexification KC of the stabilizer K, of a is a
complex connected reductive subgroup of G. Since K, contains T its weight
lattice is still A. The Weyl chamber of K, and K< corresponding to the
maximal unipotent subgroup N N KE of K€ is Rsg(ty —a) C t*.

Example 2.8. We take K = U(2) and use the notation of Example 2.1. If
a € t; then

K€ _ GL(2) if («¥,a) =0;
S A if (a¥,a) >0

and the corresponding positive Weyl chamber of KT is

ty if (o¥,a) =0;
Rxoltr —a) = {t* if (a¥,a) >0

We can now specialize Knop’s Theorems 10.2 and 11.2 from [Knoll] to
the case of compact connected multiplicity free Hamiltonian manifolds with
trivial principal isotropy group.

Theorem 2.9 (Knop). (a) Suppose (M,wnr, par) and (N,wn,un) are
multiplicity free K-manifolds with trivial principal isotropy group. If
P(M) = P(N), then there exists a K-equivariant symplectomorphism
w: M — N such that pun o @ = .

(b) Let Q be a convex polytope in ti. There exists a multiplicity free K -
manifold M with trivial principal isotropy group such that P(M) = Q if
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and only if for every vertex a of Q there exists a smooth affine spherical
(K,o)%-variety X, such that

(2.14) ['(X,) generates the weight lattice A as a group, and

(2.15) Q —a and I'(X,) generate the same convex cone in t*.

Remark 2.10. (a) The fact that the principal isotropy group of the K-

action on M is trivial is encoded in condition (2.14) of Theorem 2.9.
Knop’s classification result [Knoll, Theorem 11.2] makes no restrictions
on the principal isotropy group, which is encoded as a sublattice of A.
When K is a torus, Theorem 2.9 is a well-known result due to Th.
Delzant; see [Del88]. Furthermore, part (a) of Theorem 2.9 is a spe-
cial case of a conjecture due to Delzant. He also proved his conjecture
when rk(K) = 2 in [Del90]. Knop proved it in general in [Knoll, The-
orem 10.2].

Thanks to [PVS19], the criterion in part (b) of Theorem 2.9 can be
checked combinatorially (or algorithmically), i.e. without having to ac-
tually produce the spherical varieties X,. On the other hand, in Sec-
tion 3 below we will distill from [PPVS18] all smooth affine spherical
GL(2)-varieties X such that I'(X') generates A as a group and the con-
vex cone generated by I'(X) is pointed.

Referring to [Knoll, Section 2] for details, we briefly sketch how the
(K,)C-variety X, yields a “local model” of the multiplicity free K-
manifold M in Theorem 2.9(b) with P(M) = Q. One can define a
structure of a Hamiltonian K-manifold on the homogeneous fiber bun-
dle K x g, X, such that a K-stable open subset of K x g, X, is isomor-
phic (as a Hamiltonian K-manifold) to a neighborhood of the K-orbit
p K -a)in M.

Homogeneous fiber bundles

To explicitly describe multiplicity free U(2)-manifolds in Section 4, we will
make use of homogeneous fiber bundles, which are also known as associated
bundles or twisted products. We recall their basic properties in the category of
differentiable manifolds, then in that of algebraic varieties, and finally state
a comparison result that we will need later.

If G is group, H is a subgroup of G and F is a set on which H acts, then
we denote by G x g F' the quotient set of G x F' for the following action of H

(2.16)

h-(g,f)=(gh™" h-f) forgeG heH,feF
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As the left action of G on G x F', g-(¢', f) = (g9¢', f) commutes with this action
of H, we obtain a G-action on G x gy F. We will use 7 for the G-equivariant
quotient map

W:GXF%GXHFa(gaf)H[ga.ﬂ
and p for the (well-defined) G-equivariant map

p:GxygF —G/H, g, f| — gH.

We begin with standard facts about the “differentiable” version of G x g F'
and sketch a proof for the sake of completeness.

Proposition 2.11. Let G be a compact connected Lie group, H a closed
subgroup and F a manifold equipped with a smooth action of H. Then the
following hold:

(a) G xg F admits a unique structure as a manifold such that
(i) m: G X F — G xg F is a smooth map; and

(ii) for an arbitrary manifold N a map h: G xg F — N is smooth if
and only if h o is smooth.

When G x g F is equipped with this structure, the map p : G xg F' —
G/H and the action map G x (G xg F) — G xg F are smooth;

(b) If f : M — G/H is a smooth G-equivariant map, where M is a manifold
equipped with a smooth action of G, and A = f~'(eH), then A is a
smooth H -invariant submanifold of M and the map

GxgA— Mg,al—g-a

is a G-equivariant diffeomorphism, if Gx g A carries the manifold struc-
ture of part (a).

Proof. The characterization of the manifold structure on G' X i F' in part (a)
is a consequence of the basic fact that the quotient of a manifold under a free
action of a compact Lie group is a manifold; see, for instance, [Kaw91, Theo-
rem 4.11]. That p is smooth now follows, because pon: G — G/H,g — gH
is a smooth map, see e.g. [Kaw91, Theorem 3.37]. Furthermore, the afore-
mentioned Theorem 4.11 in [Kaw91] also tells us that 7 has smooth local
cross-sections, from which one can deduce that the action map is smooth. We
turn to part (b). One observes that eH is a regular value of f, that the two
manifolds G xg A and M have the same dimension and that the given map
G xg A — M is G-equivariant and injective. With standard arguments, one
then shows that the map’s differential is surjective everywhere. O
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Before stating an algebraic version of Proposition 2.11 we recall that if
H is a closed algebraic subgroup of a linear algebraic group G, then the
coset space G/H carries a unique structure of algebraic variety such that the
canonical surjection G — G/ H is a so-called geometric quotient for the action
of H on G from the right. Equipped with this structure, as it always will be,
G/H is a smooth quasi-projective variety and the action map

Gx (G/H)— G/H,(g,g'H) — gg'H

is a morphism of algebraic varieties (see, for example, [TY05, 25.4.7 and
25.4.10]).

The following proposition, which summarizes properties of the “algebraic”
homogeneous fiber bundle, is extracted from [PV94, Section 4.8]; see also
[Tim11, Theorem 2.2].

Proposition 2.12. Let G be a complex connected reductive linear algebraic
group, H a closed algebraic subgroup and F a smooth quasi-projective H -
variety. Equip G Xy F with the quotient Zariski-topology (i.e. the coarsest
topology which makes m: G x F — G x g F continuous, where G X F carries
the Zariski-topology) and with the sheaf O which is the direct image under m
of the sheaf of H-invariant reqular functions on G X F. Then the following
hold:

(a) The ringed space (G x g F,O) is a smooth complex algebraic variety;
(b) The maps m and p and the action map G X (G Xy F) — G xyg F are
morphisms of algebraic varieties.

The next proposition recalls a standard fact in the theory of complex
algebraic varieties, see [Ser56, Nr. 5]

Proposition 2.13. (a) If X is a smooth complex algebraic variety, then
X admits a unique structure as a complex manifold such that every
algebraic chart of X is a holomorphic chart. We write X® for X equipped
with this structure of complex manifold.

(b) If X and Y are smooth complex algebraic varieties and f : X — Y a
morphism of algebraic varieties, then f : X" — Y" is holomorphic.

A complex manifold carries a natural structure of a differentiable mani-
fold, by viewing the holomorphic charts as C*°-charts. Thus Proposition 2.13
also equips every smooth algebraic variety with a structure of differentiable
manifold, which we will call standard. Whenever we view a smooth algebraic
variety as a differentiable manifold it will be equipped with this standard
structure. In Section 4 we will make use of the following comparison result.
We include a proof for completeness.
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Proposition 2.14. Consider the subgroup

(2.17) B = {(Z 2) :a,c,dEC,ad#O}

of GL(2) and recall the torus T C U(2) from Ezample 2.1. If F' is a smooth
quasi-projective B~ -variety and we equip GL(2) X g- F with its standard struc-
ture as a differentiable manifold, then

(2.18) U(2) xp F'— GL(2) xp- F,[g, f] = [g, ]

is a U(2)-equivariant diffeomorphism.

Proof. We equip GL(2) and GL(2)/B~ with their standard structures as
differentiable manifolds. Then U(2) is a closed subgroup of the Lie group
GL(2). The inclusion U(2) — GL(2) induces a transitive smooth action of
U(2) on GL(2)/B~. Since B~ N'U(2) = T we thus obtain — using [Kaw9l,
Corollary 4.4] for example — a U(2)-equivariant diffeomorphism U(2)/T —
GL(2)/B~. Let ¢ : GL(2)/B~ — U(2)/T be the inverse diffeomorphism and
recall the map

p: GL(2) xp- F — GL(2)/B™,|g, f] = 9¢B".

Then pop: GL(2) xg- F — U(2)/T is a U(2)-equivariant smooth map. The
claim now follows from (b) in Proposition 2.11. O

Remark 2.15. The argument for Proposition 2.14 actually yields the follow-
ing more general fact. Suppose K is a compact connected Lie group and G its
complexification. Let T be a maximal torus of K and B be a Borel subgroup
of G containing T'. If F' is a quasi-projective B-variety and we equip G xXp F'
with its standard structure as a differentiable manifold, then

KXTF%GXBFv[kvf] = [k7f]
is a K-equivariant diffeomorphism.

3. Multiplicity free U(2)-actions with trivial principal
isotropy group

Let M be a multiplicity free U(2)-manifold with trivial principal isotropy
group. It follows from Theorem 2.9 and Example 2.8 that “near” a vertex
lying on the wall of the Weyl chamber t,, the momentum polytope P (M)
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of M “looks like” the weight monoid of a smooth affine spherical GL(2)-
variety. In Table 1, we distill a list of all relevant smooth affine spherical
GL(2)-varieties from a result in [PPVS18]. This then allows us to make the
conditions (2.14) and (2.15) very concrete in Proposition 3.3.

Weight monoids of smooth affine spherical GL(2)-varieties

Table 5 in [PPVS18] contains all the smooth affine spherical (SL(2) x C*)-
varieties and their weight monoids. We briefly explain how to use this classi-
fication to explicitly determine the weight monoids of smooth affine spherical
GL(2)-varieties. We will make use of the notation in Example 2.1. In partic-
ular, the weight lattice A of GL(2) is spanned by the weights wy, wo.

As in [PPVSI18] we choose

B a 0 _ % %
w-{fy ) ecer)e

as the maximal torus and

N:{(é I{):bec}x{u

as the maximal unipotent subgroup of SL(2) x C* normalized by H. The
weights w : H — C* and € : H — C* defined by

o5 2) )= mac (5 0)) -

span the weight lattice Hom(H, C*) of SL(2) x C* and the monoid of domi-
nant weights corresponding to NV is

spany{w, e, —e} C Hom(H,C*).
We define the isogeny
(3.1) @: SL(2) x C* — GL(2): (4,2) — zA

and denote the induced (injective) map A — Hom(H, C*) on weight lattices
by ¢*. Then I' C A" is the weight monoid of a smooth affine spherical GL(2)-
variety if and only if ¢*(I") C spany{w,e,—¢} is the weight monoid of a
smooth affine spherical (SL(2) x C*)-variety. Since

0" (w1) =w+e and ¥ (w2) = 2¢
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Table 1: Pointed weight cones of smooth affine spherical GL(2)-varieties X
with ZI'(X) = A. The “Case” numbers refer to those in [PPVS18, Table 5]

Case X R>oI'(X) parameters

11 C2eC C k41 kea, 0 ke,
(C* ®Cypp— (k1)) X Cyoye cone((k +Der + kez, (1 +e2) |y 27y

14 GL(2) Xpc C_(jate) cone(a, jou + €1) jEN
14 GL(2) XTC C_(ja—eq) cone(a, jo — €2) jeN
15 GL(2)/{( J+1> :zGCX} cone(ja + €1, ja — €2) jeEN

a =¢e1 — €2 as in Example 2.1.

In Case 11, C? stands for the defining representation of GL(2).

we have
©*"(A) ={aw+be:a=b mod 2}

and it follows that the images under ¢* of the weight monoids of smooth
affine spherical GL(2)-varieties are exactly those weight monoids in [PPVSI1S,
Table 5] which are subsets of {aw + be: a =b mod 2}.

In view of part (b) of Theorem 2.9 we restrict ourselves to those weight
monoids I' of smooth affine spherical GL(2)-varieties such that the cone R>I"
generated by I is pointed (as defined in Remark 2.4(a)) and such that ZI' = A.
This yields the weight monoids listed in Table 1. In fact, in view of Knop’s
condition (2.15), we list the weight cones R>oI' C t; instead of the weight
monoids. The cone R>oI'" determines I' because we have fixed the lattice ZI'
generated by I' to be A and because of the equality I' = ZI' N R>oI", which
follows from the fact that smooth varieties are normal. In summary, these
computations yield the following proposition.

Proposition 3.1. If X is a smooth affine spherical GL(2)-variety such that
ZI'(X) = A and such that R>oI'(X) is pointed, then R>oI'(X) is one of the
cones listed in Table 1.

Remark 3.2. As they provide local models of multiplicity free U(2)-manifolds
with trivial principal isotropy group, we have included in Table 1 the (unique)
smooth affine spherical GL(2)-varieties X that realize the listed weight cones
R>oI'(X). We leave the verification that each variety X in the table has the
given weight cone to the reader. This can be deduced from [PPVS18, Table 5]
using the isogeny ¢ defined in (3.1) or by using basic facts in the representa-
tion theory of GL(2) to determine the highest weights of GL(2) that occur in
the coordinate ring C[X] of X.
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Momentum polytopes

In Proposition 3.3 we specialize Knop’s Theorem 2.9 to the case K = U(2).
We continue to use the notation in Example 2.1. In particular, o = €1 — &9 is
the simple root of U(2). Combining Table 1 with Theorem 2.9 we obtain the
following.

Proposition 3.3. Let P be a convex polytope int. Then P is the momentum
polytope of a (unique) multiplicity free U(2)-manifold with trivial principal
isotropy group if and only if all of the following conditions are satisfied:

(1) dimP = 2;

(2) P is rational with respect to A, i.e. for every two vertices a,b of P con-
nected by the edge [a,b] of P, the intersection R(b—a) N A is nonempty
(we will denote the primitive elements of A on the extremal rays of the
cone R>o(P — a) by pf, p3);

(3) (Delzant) If a is a vertex of P with (", a) > 0, then (p$, p%) is a basis
of A;

(4) If a is a vertex of P with (a¥,a) = 0, then {p{,p%} is one of the
following sets:

(3.2) {e1+e2,k(e1 +e2) +e1}  for some k € Z;
(3.3) {—(e1+¢e2),k(e1 +e2) +e1}  for some k € Z;
(3.4) {a,ja+e1}  for some j €N;

(3.5) {a,ja— g3}  for some j € N;

(3.6) {ja+e1,ja—eo}  for some j € N.

Proof. Thanks to Knop’s Theorem 2.9, the cones in the third column of Ta-
ble 1 describe the “local” shape, near a vertex that lies on the wall of the
Weyl chamber t,, of the momentum polytope P of a multiplicity free U(2)-
manifold with trivial principal isotropy group. If a is a vertex of P that lies
in the interior of t;, we have (K,)® = TC. The shape of P near a must be
as described in part (3) of the proposition due to the well-known structure of
the weight monoids of smooth affine toric varieties (see, e.g. [Ful93, Section
2.1]). The proposition follows. O

In Remark 3.4 we give some geometric information related to vertices
of the momentum polytopes under consideration in Proposition 3.3. We first
introduce some additional notation. Suppose (M, 1) is a multiplicity free U(2)-
manifold with momentum polytope P. Let

(3.7) U:M—=PCty, me— pu(K-m)Nt;
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be the invariant momentum map of M and let ur : M — t* be the
momentum map of M considered as a T-manifold, that is up = r o u, where
r & — t* is the restriction map. We recall from Remark 2.7(b) that every
fiber of U is a K-orbit and from Proposition 2.5 that pzp(M) is the convex
hull of P U s,(P).

Remark 3.4 (Vertices and fixed points). Let P be a polytope satisfying
the conditions in Proposition 3.3 and let M be the multiplicity free U(2)-
manifold with trivial principal isotropy group such that P(M) = V(M) = P.
The local models X of M given in Table 1 yield the following information
(see also Remark 2.10(d)).

(a) If a is as in case (3) of Proposition 3.3, ¥~1(a) contains exactly two
T-fixed points p1,ps and pr(p1) = sa(pr(p2))-

(b) If the extremal rays at a are those in Eq. (3.2) or Eq. (3.3), then there
is a unique T-fixed point p in ¥~!(a). Moreover ur(p) = a and p is
fixed by the whole group U(2).

(c) In the cases of Egs. (3.4) and (3.5), there are exactly two T-fixed points
p1,p2 in ¥1(a). Moreover ur(p1) = pur(p2) = a.

(d) In the case of Eq. (3.6), ¥"!(a) does not contain any T-fixed points.

Invariant compatible complex structures

We recall that a complex structure J on a symplectic manifold (M,w) is
called compatible if (M,w, J) is Kahler. In [Wo098a], Woodward showed that
Delzant’s result in [Del88, §5], that all compact multiplicity free torus ac-
tions admit an invariant compatible complex structure, does not generalize
to the non-abelian case (see also Example 3.9 below). In this section we
present a generalization of a criterion of Woodward’s for the existence of
a U(2)-invariant compatible complex structure on certain multiplicity free
U(2)-manifolds. More precisely, in [Wo098b, Theorem 8.8], Woodward pro-
vided such a criterion for a class of multiplicity free SO(5)-manifolds and
remarked that it could be adapted to other rank 2 groups. In case the acting
group is U(2), Woodward’s criterion applies to those multiplicity free U(2)-
manifolds with trivial principal isotropy whose momentum polytope has a
vertex on the wall of the Weyl chamber and is reflective. This term, which
was introduced by Woodward in [Wo096, Definition 1.1] for polytopes in the
Weyl chamber of any compact connected Lie group, means the following for
the momentum polytope P of a multiplicity free U(2)-manifold with trivial
principal isotropy group: P is reflective, if it has at most one vertex on the
wall of the Weyl chamber and when it does, P looks like one of the cones
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spanned by the vectors in (3.6) near this vertex. For example, the triangles in
Fig. 6 and in Eq. (4.5) are reflective, whereas those in Figs. 3 and 4 are not.
Thanks to the work [MT12] of J. Martens and M. Thaddeus on non-abelian
symplectic cutting we can show that Woodward’s criterion can be used to
decide the existence of a U(2)-invariant compatible complex structure for any
multiplicity free U(2)-manifold with trivial principal isotropy, that is, also
for those whose momentum polytope is not reflective; see Proposition 3.7.
In the proof of Proposition 3.7 we use the so-called extension criterion of
Tolman [Tol98] to show in Proposition 3.17 that a multiplicity free U(2)-
manifold with trivial principal isotropy group carries a U(2)-invariant com-
patible complex structure if and only if it carries a T-invariant compatible
complex structure. Woodward had proved an analogous statement for certain
multiplicity free SO(5)-manifolds in [Woo98b, Theorem 9.1]. Proposition 3.17
also gives a second Kahlerizability criterion for our U(2)-manifolds in terms
of the T-momentum polytope and the images of the T-fixed points under the
T-momentum map.

Recall that the wall of the Weyl chamber t; of U(2) is its subset {\ € t* :
(a¥,\) = 0}, where o" is the simple coroot as in (2.2) of Example 2.1.

Definition 3.5. Let P be a 2-dimensional polytope in the Weyl chamber
ty of U(2), let F' be an edge of P and let np be an inward-pointing normal
vector to F. We call F' a positive edge of P if (¥, np) > 0.

Remark 3.6. (a) In [Wo098b], the edges we call “positive” are called “non-
negative”.

(b) It follows from Proposition 3.3 that if the momentum polytope P (M)
of a multiplicity free U(2)-manifold with trivial principal isotropy group
has exactly one vertex a on the wall of t;, then R>o(P(M) — a) is the
cone spanned by one of the sets {p{, p3} in Egs. (3.4) to (3.6) of that
proposition. In particular, P(M) has one or two positive edges that
contain a.

Here is the announced generalization for U(2) of Woodward’s Kéhleriz-
ability criterion [Woo98b, Theorem 8.8]. Its formal proof will be given on
page 1800.

Proposition 3.7. Suppose M is a multiplicity free U(2)-manifold with trivial
principal isotropy group. Then M admits a U(2)-invariant compatible complex
structure if and only if the following property holds: if the momentum polytope
P(M) of M has exactly one vertex on the wall of t,., then every positive edge
of P(M) contains that vertex.
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Remark 3.8. Instead of using the symplectic argument based on [MT12],
one could also prove Proposition 3.7 with a straightforward adaptation of
the proof of Proposition 7.27 and Corollary 7.28 in [CFPVS20], by applying
Theorem 7.16 of op.cit., which is a rather technical general criterion for the
existence of an invariant compatible complex structure on a multiplicity free
manifold. This alternative proof requires the intricate combinatorial theory
of spherical varieties.

Example 3.9 (Woodward). In [Wo098a], Woodward showed that the mul-
tiplicity free U(2)-manifold M with momentum polytope

P(M) = conv(0,e1, —e9,3e1 — €2)

is not Kahlerizable. This fact can be deduced immediately from Proposi-
tion 3.7: the edge of P(M) connecting the vertices 1 and 3e1 — &5 is positive,
but does not contain the vertex 0 of P(M) that lies on the wall of the Weyl
chamber. A picture of P(M) can be found on page 1800: it is the trapezoid
with vertices 0, v, vy and vz on the right in Fig. 1. Similarly, the multiplicity
free U(2)-manifold with momentum polytope

conv(0,e1, a, 37 — €2)

is not Kahlerizable, because the edge connecting €1 and 31 — &4 is positive
and does not contain the vertex 0. This polytope is the trapezoid with vertices
Vg, U1, v2 and v on the right in Fig. 2. This kind of polytope was not covered
by the criterion in [Woo98b].

The following lemma establishes the first part of Proposition 3.7.

Lemma 3.10. If M is a multiplicity free U(2)-manifold whose momentum
polytope P does not have exactly one vertexr on the wall of the Weyl chamber
t, then M admits a U(2)-invariant complex structure.

Proof. Our strategy is inspired by [Woo098a, §3] and uses E. Lerman’s symplec-
tic cutting [Ler95]; see also [LMTWO98]. We start with a certain multiplicity
free (non-compact) U(2)-manifold M; admitting a second Hamiltonian ac-
tion of the maximal torus 7" of U(2) that commutes with the U(2)-action and
such that ¢(m) = ¥(m) for all m € M, where ¢ : My — t* is the momentum
map of the second T-action. We then perform a sequence of symplectic cuts
(respecting the actions of both U(2) and T') until the momentum polytope
has the desired shape P. Because P is of Delzant type (by Proposition 3.3),
it can be obtained from ¢(M;) = W(M;) by a finite sequence of cuts along
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hyperplanes such that, at each stage, the corresponding symplectic cut yields
a smooth manifold.

We first assume that an entire edge of the momentum polytope P lies on
the Weyl wall. Let v be one of the two vertices of P on the Weyl wall and
suppose that

cone(P — v) = cone(—(e1 + €2),€1 + k(1 + €2)) for some k € Z.
We set M; = C? and equip it with the U(2)-action given by

g+ ((21,22), 23) := ((det(g) """ - g) - (21, 22), det(g) - 23)

(this is precisely the action in the first row of Table 1 for £ = —1) and the
standard Hamiltonian U(2)-structure as a representation of U(2); see e.g.
[Sja98, Example 2.1]. The explicit expression for the invariant momentum
map Y is then

T
UM —ty, W(z,29,23) = §(lz1\2 + \22]2)((k + 1)ey + keg)
T
— §|23|2(51 +€2).

Indeed, the restriction of the momentum map of M; to the cross-section
0@ C @ C takes values in t* and is thus given by the momentum map of the
T-action on 0 @& C @ C, which is

Vs T
(0,2’2,2’3) — §|2’2’2((k + 1)81 + ]f&“g) — 5’23|2(€1 + 52).

As W is constant on U(2)-orbits, it now follows that it is of the asserted shape.
We also equip M; with the following additional action of 7"

(3.8) (t1,t2) - (21,22, 23) = (tQ(htz)*(kH)Zl,t2(t1t2)7(k+1)227t1t223)-

This action is effective and commutes with the U(2)-action. More importantly,
it is Hamiltonian with momentum map ¢ equal to W. We can use ¢ to perform
the aforementioned sequence of symplectic cuts until the momentum image
of ¢ is equal to P. Since ¢ and ¥ coincide on M, they will coincide after
every cut. By the uniqueness part of Knop’s Theorem 2.9, the U(2)-manifold
obtained at the end of this process is M. Because the action (3.8) of T' on
M preserves the complex structure on M; and the cuts above are made with
respect to circle subgroups of T', it follows from basic properties of symplectic
reduction, that the manifold M is still Ké&hler; see [GS82, Theorem 3.5].
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If P lies in the interior of the Weyl chamber, then we can still start with
(for example) M; (for some suitable choice of the parameter k) and we can
again cut W(M;) = ¢(M;) until we reach P. O

Remark 3.11. Even though the symplectic cuts in the proof of Lemma 3.10
result in a Kéhler manifold, it is not true that a non-abelian symplectic cut of
a Hamiltonian K-manifold with a compatible K-invariant complex structure
always inherits a complex structure, because the cut may require a symplectic
reduction by a circle group which does not preserve the complex structure.
For example, Woodward constructed his non-Kéhlerizable Example 3.9, by
applying symplectic cutting to a Kéhler manifold.

Remark 3.12. The Kéhler structures constructed in the proof of Lemma 3.10
are in fact toric Kéhler structures for a torus of rank 3. Indeed, the constructed
manifold carries an induced T x T-action after every cut. Its kernel always
has dimension 1, which means that it descends to a multiplicity free action
of a torus of rank 3.

We now use [MT12, Corollary 4] to establish the next part of Proposi-
tion 3.7.

Lemma 3.13. Let M be a multiplicity free U(2)-manifold with trivial princi-
pal isotropy group. Suppose that the momentum polytope P of M has exactly
one verter a on the wall of t,. If every positive edge of P contains the vertex
a, then M admits a U(2)-invariant compatible complez structure.

Proof. Tt follows from Proposition 3.3 that {p{, p§} is one of the sets in (3.4),
(3.5) or (3.6). Let M; be the corresponding smooth affine spherical GL(2)-
variety in Table 1, that is, My = GL(2) xpc C_(jaqe,) When {pf, p3} is the
set in (3.4), My = GL(2) x7c C_(ja—e,) When {pf, 5} is the set in (3.5) and
M, = GL(2) /{(ZO] ZJO+1> 1z € (CX} when {p{, p§} is the set in (3.6). As in
[Sja98, §4.1], we view M; as a Hamiltonian U(2)-manifold by embedding it
into a unitary representation of U(2). Let ¥ : My — t; be the corresponding
invariant momentum map. It follows from [Sja98, Theorem 4.9] that W(M;) =
cone{p$, p5}. By translating the momentum map of M; by a, we ensure that
V(M) = a+ cone{p}, p3} = a + cone(P — a), in other words, that W(M;) is
equal to P in a neighborhood of a. One can now apply non-abelian symplectic
cutting to M; to obtain a multiplicity free U(2)-manifold with momentum
polytope P. By Knop’s uniqueness result in Theorem 2.9, this multiplicity
free manifold has to be M. Because, as mentioned in Remark 3.11, non-
abelian symplectic cutting is a local construction which cannot be realized by
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“global” symplectic reduction, this does not yet guarantee that M is Kahler,
even though M; was.

Nevertheless, under the assumptions of the current lemma, [MT12, Corol-
lary 4] yields that M can be constructed as the symplectic reduction of a
symplectic U(2)-manifold M, which is Kahler because M is. It then follows
that M is Kéhler by the general properties of symplectic reduction. The key
point which allows us to apply loc.cit. is that

(3.9) P =U(M)NQ,

where Q is an outward-positive polyhedral set, using the terminology of [MT12,
Definition 3]. To describe Q, let ny,na, ..., n, be inward-pointing normal vec-
tors to the r edges of P that do not contain the vertex a of P lying on the
wall of t,. By assumption

(3.10) (@Y n)) <0 forallie{1,2,...,r}.
Let n1,m2,...,m € R be such that, for each 7 € {1,2,...,7},
Pn{vety: (v,n) =n}
is the edge of P to which n; is an inward-pointing normal. Now we set
Q={vety:(v,n) >mn forallie{l,2,....,r}}.

Then (3.9) holds, and (3.10) says precisely that Q is outward-positive. As ex-
plained in [MT12, Remark 2|, one may need to (and can) impose some extra
inequalities to make Q universal in the parlance of [MT12, Definition 2]. O

Remark 3.14. In the situation of Lemma 3.13, if P has a positive edge not
containing a, then it has one that is adjacent to an edge containing a. This
follows from the convexity of P.

For the final step in the proof of Proposition 3.7, we will make use of
work of S. Tolman’s. In [Tol98], she constructed an example of a Hamiltonian
T-space of complexity one in dimension six that does not admit a T-invariant
compatible complex structure. She proved this by checking that her example
does not satisfy a certain extension criterion and showing that this criterion
is necessary for a T-invariant compatible complex structure to exist. For the
convenience of the reader, we will recall this criterion here together with the
definitions necessary to formulate it. The criterion applies to compact Hamil-
tonian U(1)"-manifolds for any n € N, but to avoid introducing additional
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notation, we will use T for the acting torus, as this is the setting where we
will apply it. We refer to [Tol98, §§2,3] for details.
By the x-ray of M, we mean its orbit type stratification

X = U {connected components of M}
H subgroup of T’

together with the convex polytopes that are the images of its elements under
the T-momentum map pp. We say that a convex polytope A C t* (resp. a
strictly convex cone C' C t*) is compatible with this x-ray if (there exists a
neighborhood U of the vertex of C' such that) for each face o of A (resp. C),
we can choose X, € X such that

(3.11) dim(pur(X,)) = dim(o),
(3.12) o C pup(X,) (resp. cNU C pur(X,)), and
(3.13) X, C X, whenever o and ¢’ are faces of A (resp. C) with o C o’.

We say that A is an extension of C' when there exists a neighborhood U of
the vertex of C with CNU =ANU.

Definition 3.15. An x-ray satisfies the extension criterion if every com-
patible strictly convex cone admits an extension to a compatible convex poly-
tope.

Theorem 3.16 ([Tol98, Theorem 3.3]). Let M be a Hamiltonian T -manifold
that does not satisfy the extension criterion. Then M does not admit a T'-
invariant compatible complex structure.

It is clear that a compatible convex cone of dimension one always admits
an extension to a compatible convex polytope, so this criterion only needs
to be checked for compatible strictly convex cones of dimension at least two.
On the other hand, since our ur takes values in a vector space of dimension
2, we only need to check this condition for compatible strictly convex cones
of dimension exactly two. The vertices of those have to be image of a T-
fixed point p, and the edges locally have to be images of weight spaces of
the corresponding isotropy representation of 1" at p. Consequently, we can
describe every such cone by giving two line segments starting at ur(p) that
correspond to linearly independent weights of the isotropy representation at
p, and any such line segment can be described by a pair of points in Pr =
pr (M), one of which is pp(p). We will use this identification throughout.

Combinatorially linking Tolman’s criterion to the Kahlerizability crite-
rion of Proposition 3.7 we now also extend [Woo098a, Theorem 9.1] of Wood-
ward’s about certain multiplicity free SO(5)-manifolds to multiplicity free
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U(2)-manifolds with trivial principal isotropy whose momentum polytope in-
tersects the Weyl wall in one point. We also rephrase our Kahlerizability
criterion in terms of the T-momentum polytope and the T-fixed points.

Proposition 3.17. Let M be a multiplicity free U(2)-manifold with trivial
principal isotropy group whose momentum polytope P intersects the Weyl wall
at exactly one point. Then the following are equivalent:

(1) Every positive edge of P contains the vertex a of P lying on the Weyl
wall.

(2) M admits a U(2)-invariant compatible complex structure.

(8) M admits a T-invariant compatible complex structure.

(4) The z-ray of M satisfies the extension criterion.

(5) The set MT is mapped to the boundary of Pr = pur(M) under the
T-momentum map pr.

Proof. First we show that (5) implies (1). If (1) does not hold, then P contains
a positive edge that does not meet the wall of the Weyl chamber. This means
that the two vertices v and w adjacent to this edge are the images under p as
well as under pr of T-fixed points in M, see Theorem 2.3(a). Call the vertex
of P on the wall of the Weyl chamber vy, and set v/ = s4(v), W = s,(w).
Then it follows from Proposition 2.5 that the polytope

3.14 conv(vg, v,V ,w,w
( sy Vy Vo, Wy

is a subset of Pr. Using that the edge (v,w) of P is positive, elementary
geometric considerations show that v or w lies in the interior of the poly-
tope (3.14), and therefore not on the boundary of Pr (see the polytope
P = conv(vg, v1,v2,v3), with Pp = conv(va, v, v4, v3), on the right of Fig. 1
below for an example). This shows that (5) does not hold.

We turn to the implication “(1) = (5).” Let m € MT. First observe that
p(m) € (£)1 = t* by the equivariance of p1, and therefore that pr(m) = p(m).
Next, pr(m) € {¥(m),so(V(m))} thanks to the well-known isomorphism
/K = t"/{e,so} induced by the restriction map £ — t*. Furthermore,
U(m) is a vertex of P = W(M). Indeed, if ¥(m) lies on the Weyl wall, this
is true by assumption and if W(m) lies in the interior of the Weyl chamber,
then it follows from Theorem 2.3(b) because dimg 7,, (K - m) = 2. We first
consider the case that pr(m) lies on the Weyl wall. Then pur(m) = vy and
it follows from parts (c) and (d) of Remark 3.4 that vy is of type (3.4) or
of type (3.5). Let (vg,v) be the edge of P that is perpendicular to the Weyl
wall. Then, using Proposition 2.5, one deduces that (s, (v),v) is an edge of
Pr and therefore that vg = pp(m) lies on the boundary of Pr. Suppose
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now that (5) does not hold and that m € M7 is such that pr(m) does not
lie on the boundary of Pr. As we just saw, this implies that pr(m) does
not lie on the Weyl wall. It follows from Proposition 2.5 that the segment
[ur(m), so(pr(m))] = [¥(m), so(¥(m))], which is perpendicular to the Weyl
wall, lies in the interior of Pp. Therefore (at least) one of the two edges of P
adjacent to W(m) is positive and does not meet the Weyl wall, which means
that (1) does not hold. We have shown that (5) follows from (1).

Next, we observe that (2) follows from (1) by Lemma 3.13, that the im-
plication “(2) = (3)” is trivial and that (4) follows from (3) by Theorem 3.16.

In the remainder of the proof, we show that (4) implies (1). We label the
vertices of P clockwise from vy to v, (starting at the wall), and we denote by
v the reflection s,(v;) of v; across the Weyl wall. Note that for j # 0 the line

1) is always the image of a connected component of M Z(U(2),

segment (v, v
where Z(U(2)) is the center of U(2), and that this connected component is
a sphere except when an edge of P adjacent to v; is parallel to «, in which
case it is 4-dimensional by Theorem 2.3(b) together with Remark 2.4(b).
We consider two cases, depending on whether the vertex vy is of type (3.4)
(respectively of type (3.5), which is clearly equivalent) or of type (3.6). In each

case, the edges of the x-ray are determined by P in the following way:

e In the first case, there are the aforementioned connected components of
MZ#(U2) together with all spheres belonging to those edges (v;,vji1)
and (v}, v}, ;) which are not parallel to a.

« In the second case, there are the connected components of MZ(U(2) to-
gether with all spheres belonging to those edges (vj, vjy1) and (v}, v},4),
7 < n—1, which are not parallel to «, and on top the spheres belonging
to (v, v}) and (vq,v),). The latter are included, because the horizontal
edge starting from vy, for example, needs to end in one of vj,..., v,
and due to the convexity of the reflection of P across the Weyl wall,
the only possible endpoint is then v/,.

Assume that we are in the second case: vy is of type (3.6). Suppose that (1)
does not hold (a polytope illustrating this situation can be found on the right
in Fig. 1). By Remark 3.14 and without loss of generality, we may assume
that the positive edge is the edge (v1,vs). Then vy and v] are in the interior
of Pr. We claim that the compatible cone determined by the pair of edges
(v1,v1), (v1,v),) does not admit an extension to a compatible convex polytope.
Indeed, the edge (v}, v,) emerging from v,, cannot be part of such a polytope
(since this edge intersects the edge (v1,v),) in a point which is not the image
of a T-fixed point) and neither can the edge (v}, v5) as convexity would not
hold.
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V1

. V3 V2

Figure 1: Two polytopes P with vy of type (3.6) and their x-rays. The left
x-ray satisfies the extension criterion, the right one does not.

Now assume that we are in the second case: vy is of type (3.4). Suppose
again that (1) does not hold (such a polytope is given on the right in Fig. 2).
One of the compatible cones with vertex vg is spanned by the pairs of edges
(vo,v1), (v, v,). If it admitted an extension to a compatible convex polytope
Q, then the second edge of Q adjacent to v{ would have to be (v},v1), and
the second edge emerging from v; would have to be (v, v2), which contradicts
the convexity of Q because (1) does not hold. O

Remark 3.18. The momentum polytopes in Figs. 3 and 6 show that the
equivalence of (2) and (5) of Proposition 3.17 do not hold when P does not
meet the Weyl wall in exactly one point. On the other hand, Proposition 3.7
tells us that when P(M) does not meet the Weyl wall in exactly one point,
then the multiplicity free U(2)-manifold M with trivial principal isotropy
group always admits an invariant compatible complex structure, and therefore
the equivalences (2) < (3) < (4) hold in general.

Proof of Proposition 3.7. The proposition immediately follows from Lemma
3.10 and the equivalence of (1) and (2) in Proposition 3.17. O

4. Triangles

We continue to use the notation in Example 2.1. In this section, we classify
the multiplicity free U(2)-manifolds with trivial principal isotropy group and
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Figure 2: Two polytopes P with vy of type (3.4) and their x-rays. The left
x-ray satisfies the extension criterion, the right one does not.

triangular momentum polytope. The following lemma determines the Delzant
triangles and will be used to describe the triangles in t; which can occur as
momentum polytopes of such manifolds.

Lemma 4.1. Let u,v and w € t* = A ®z R such that
v—u,w—uw-—veARzQ.
and let p1, p2, p3 be the primitive elements of A such that
R>0p1 = Rxo(v —u), Rx0p2 = Roo(w — u), R>0p3 = Ro(w —v).

Suppose (p1, p2) is a basis of A. Both pairs (p1,ps) and (p2, ps) are bases of
A if and only if p3 = p2 — p1.

Proof. The “if” statement is clear. To prove the converse, let a,b € Z such
that p3 = apy + bps. It follows from the assumption that (pi, ps) and (p2, p3)
are bases of A, that a,b € {1, —1}. The definitions of pi, p2, p3 then imply
that a = —1 and b= 1. O

Recall from Example 2.1 that o = 1 — €9 is the simple root of U(2).

Proposition 4.2. The triangles in ty that occur as momentum polytopes of
multiplicity free U(2)-manifolds with trivial principal isotropy group are:
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(1) r(—e2) + s(e1 +e2) + t - conv(0, a1(—e2) + bie1, as(—e2) + beey), where
r,t € Ryg, s € R, ay1,b1,a0,bs € Z with det((gi a2) =1landa;+b; >0

ba
for each i € {1,2};
(2) s(e1+e2)+t-conv(0,l(e1 +&2), k(g1 +e2) +¢€1), where s € R, t € Ry,
keZ,te{-1,1};
(3) s(e1 +e3) +t-conv(0,, ja+£1), where s € R, t € Ry, j € N;
(4) s(e1 +e2) +t-conv(0, o, joo — e9), where s € R, t € Ry, j € N;
(5) s(e1 +e2) +t-conv(0,e1,—¢2), where s € R, t € Ryg.

Proof. Observe that the all the sets in Eqgs. (3.2) to (3.5) and the one in
Eq. (3.6) with j = 0 are bases of A. The proposition now follows from Propo-
sition 3.3 and Lemma 4.1 once we prove the following claim: if P C t; is a
triangle satisfying conditions (2) and (3) of Proposition 3.3 and a is a vertex
of P such that (a",a) = 0 and

(08,5} = {ja+e1,ja— e} for some j €N,

then j = 0. We may assume that p§ = ja+¢; and p§ = ja—es. Let b, ¢ be the
other two vertices of P, such that R>g(b—a) = R>op{ and R>o(c—a) = R>op§
and write p for the primitive element of A on the ray R (c—b). Since (p, pf)
is a basis of A by condition (3) of Proposition 3.3, there exist m,n € Z such
that p§ = mp + npf. Using that (p, p§) is also a basis of A it follows that
n € {—1,1}. As p§ belongs to the cone {pp + ¢p}: p,q € R>¢} we obtain
n = 1 and m > 0. Consequently mp = p§ — pf = —(e1 + £2). As p € A it
follows that p = —(e1 + e2). Using once more that (p, pf) is a basis of A it
follows that j = 0, which completes the proof of the claim. O

For each triangle in Proposition 4.2, Knop’s Theorem 2.9 guarantees the
existence of a multiplicity free Hamiltonian U(2)-manifold whose momentum
polytope is that triangle. Theorem 4.3 below gives an explicit description of
these manifolds. Propositions 4.5 to 4.8 and 4.10 provide the Hamiltonian
structures.

Theorem 4.3. Let Q be one of the triangles listed in Proposition 4.2 and
let M be the (up to isomorphism) unique multiplicity free U(2)-manifold with
P(M) = Q and trivial principal isotropy group. Then:

(a) M is U(2)-equivariantly diffeomorphic to the corresponding manifold
listed in the second column of Table 2.

(b) M is isomorphic (as a Hamiltonian U(2)-manifold) to the corresponding
manifold listed in the second column of Table 2 equipped with the Hamil-
tonian structure described in the proposition listed in the last column of

Table 2.
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Table 2: Multiplicity free U(2)-manifolds M with trivial principal isotropy
group for which P(M) is a triangle, as asserted in Theorem 4.3. The cases
are numbered as in Proposition 4.2

Case | M as U(2)-manifold M as GL(2)-variety Prop.
U(2) xr P(V),

where V =C® C_;5, ®C_s,,

with 61 = a1(—e2) + bie,

d2 = az(—e2) + baeu,

ai,b1,az,b2 €7Z as in

Proposition 4.2(1)

P((C2 OC o~ k41)) © Chpy—e @ (C)’
where k € Z,¢ € {—1,1}.

T@) 7 F(C & Cya),

where j € N.

U(2) x7 P((C*)" & C—ja),

where j € N.

1) GL(2) x 5 P(V) 4.8

(2) idem 4.5

3) GL(2) X 5— P(C?® C_ja) 4.6

4)

GL(2) X - P((C*)* & C_ja) 4.7

SO(5,C)/ P,

where P C SO(5,C) is the
minimal standard parabolic
assoc. to the short simple root,
GL(2) acts through

GL(2) — SO(4,C) C SO(5,C).
C always stands for the trivial representation; B~ is defined in Eq. (2.17).

C? stands for the defining representation of GL(2) or its restriction to U(2), T or B™.

SO(5)/[SO(2) x SO(3)],
(5) where U(2) acts through
U(2) — SO(4) C SO(5)

(¢) M has an invariant compatible complex structure J such that the com-
plex manifold (M, J), equipped with the action of GL(2) that is the com-
plexification of the U(2)-action, is GL(2)-equivariantly biholomorphic to
the corresponding GL(2)-variety listed in the third column of Table 2.

Proof. In each proposition listed in the fourth column of Table 2, we define
a structure of multiplicity free U(2)-manifold on the smooth complex GL(2)-
variety M listed in the third column such that

e the momentum polytope of M is the corresponding triangle of Propo-
sition 4.2;

o the U(2)-invariant complex structure that M carries by virtue of being
a smooth complex GL(2)-variety (cf. Proposition 2.13) is compatible
with the symplectic form on M; and

o M, viewed as a differentiable manifold, is U(2)-equivariantly diffeomor-
phic to the manifold listed in the second column of Table 2.

Since, in each case, the U(2)-action on M has a trivial principal isotropy
group, all the assertions now follow from part (a) of Knop’s Theorem 2.9
and, for assertion (c), also from basic facts about the complexification of
actions (see, e.g., [Hei91, §1.4]). O
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We will make use of the following standard fact, which follows directly
from the definitions, taking into account that e1 + 2 € t* C u(2)* is a fixed
point for the coadjoint action of U(2).

Lemma 4.4. Let (M,war, piar) be a compact Hamiltonian U(2)-manifold with
momentum polytope Q. If s € R,t € Ry, then

,uf\’; = tuar + 8(81 + 62)

is a momentum map for the symplectic form twar on M and the momentum
polytope of the Hamiltonian U(2)-manifold (M, twar, j15y) is

s(er +e9)+t- Q.

Furthermore, if (M,wpr, iar) is multiplicity free, then so is (M, twyy, /ﬁ\/[t)

The next proposition gives the multiplicity free U(2)-manifold associated
to the momentum polytope (2) of Proposition 4.2. In what follows, we will
write e, ey for the standard basis of C2.

Proposition 4.5. Let k € Z, ¢ € {—1,1}. Let V be the U(2)-representation
V= (C?@Cyp-t1) ®Cuoyt ®C 2 V(wwy — (k+ 1)) ® V(—Lwa) @ V(0).
(a) The projective space P(V'), equipped with the Fubini-Study symplectic
form and the momentum map ppny of Example 2.2, is a multiplicity
free U(2)-manifold with trivial principal isotropy group.
(b) The T-fized points in P(V) are

r1:=[(e1®1)®0D0], x9:=[(e2®1)D0D O],
23:=[08160], 24 : =00 1]

and their images under ppey are (in the same order)
(4.1) k(g1 + e2) + €2, k(e1 +e2) + &1, (1 +e2), 0.
(c) The momentum polytope of (P(V), up)) is the triangle
conv (0, l(e1 + €2), k(e1 + €2) + £1)

in case (2) of Proposition 4.2.
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(d) If s € R,t € Ry, then
M];’fv) = tupvy + 5(e1 + &2)

is a momentum map for the symplectic form twpny on P(V) and the
momentum polytope of the multiplicity free U(2)-manifold (P(V'), u;;(tv))
is the triangle

s(e1 +e9) +t-conv(0,l(e1 + €2), k(e + €2) + €1)

of case (2) in Proposition 4.2.

Figure 3: The triangle in part (d) of Proposition 4.5 for k =2, £ = 1.

Proof. We begin with (a). It follows from Example 2.2 that (IP(V'), up(y) is
a Hamiltonian U(2)-manifold. A computation shows that the only element of
U(2) that fixes

[(a®@1)dlal] eP(V)

is the identity, which implies that the principal isotropy group of the U(2)-
action on P(V) is trivial. Since P(V') is compact and connected, it follows
from Eq. (2.13) that (P(V'), up(vy) is multiplicity free.

To show (b), we first observe that all the T-weight spaces in V' have
dimension 1. This implies that the T-fixed points in P(V') are exactly the
lines spanned by T-eigenvectors in V', which shows the first assertion in (b).
It follows that u(x;) € t* = (€)T for every i € {1,2,3,4}. We now use
Example 2.2 to compute ppyy(71). Let { € t. Sincev:i=e; @ 10000V
has T-weight v := &1 — (k + 1)(e1 + £2) we have & - (v) = 27/—17(£)v which



1806 Oliver Goertsches et al.

implies that ppyy(71)(§) = —v(€), that is, upny(2) = —7, as claimed. The
computations of pp)(z2), upey(23) and pp)(z4) are analogous.
We turn to (c). Since

ppvy(T2) = k(er +e2) + €1

is the only weight in (4.1) that belongs to the interior of t,, it is the only
vertex of P(M) in the interior of t, thanks to Theorem 2.3(a).

In order to apply part (b) of Theorem 2.3, we next show that the 7-
weights in the symplectic slice N, of P(V) at z5 are

O, ={k(e1 +e2) +e1,(k—£0)(e1 +e2) + 1}

Indeed, as P(V') comes with an invariant complex structure which is com-
patible with its Fubini-Study symplectic form by construction, we have the
following isomorphisms of T-modules

Na:z = TIZ]P)(V)/TZ'Q (K : $2) = TMP(V)/TZZP((CQ ® Cdet’(’”l) & 0 ® 0)
= C(k—é)(61+€2)+61 @ Ck(€1+€2)+€1‘

Since the extremal rays

ﬂp(v)(l‘g)—Rzo(k’(él—Fﬁz)—F&l) and up(v)(iL’Q) —Rzo((k—@(€1+€2)+€1)

of the cone pip(y)(22) — conell,, intersect the wall of the Weyl chamber t, in
the points 0 and £(e1 + €2) it follows from part (b) of Theorem 2.3 that

P(]P)(V)) = COHV(O,E(El + 52), /{2(51 + 82) + 61)

as claimed.
Part (d) follows from part (c¢) and Lemma 4.4. O

We now describe the multiplicity free U(2)-manifold associated to the
momentum polytope (3) of Proposition 4.2. Recall from Example 2.1 that
a = g1 — g9 is the simple root of U(2) and GL(2).

Proposition 4.6. Let j € N and set
M =GL(2) xp- P(C* @ C_j4)

where the group B~ of lower triangular matrices in GL(2) acts on P(C* @
C_ja) through the standard linear action of GL(2) on C? and with weight
—ja on the 1-dimensional space C_j,.
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The map
U(2) x7 P(C* @ C_j(c, ) = M, [g,[y]] = [9, [y]]
is a U(2)-equivariant diffeomorphism.

Let V' be the irreducible GL(2)-representation with highest weight jo
and let v € V' be a lowest weight vector in V. Then

g M =Y = CGL(2) xg- P(C2a V), [g,[ud® z]] = [g, [u® 2v]|
is a GL(2)-equivariant closed embedding and
ty 1Y = P(CH) x P(C* @ V), [g,[ua v]] = ([gea], [gu & gu])

is a GL(2)-equivariant isomorphism of varieties.
Let wy be the Fubini-Study symplectic form on P(C?) and

1 s P(C?) = u(2)*

the associated momentum map as in Example 2.2, wo the Fubini-Study
symplectic form on P(C2®V) and py : P(C2DV) — u(2)* the associated
momentum map. If wyr is the pullback along ty o vy of the symplectic
form wy + wy on P(C?) x P(C?2 @ V) then wyy is a symplectic form on
M with momentum map

par = (p1 + p2) o Ly © Ly

and (M, par) is a multiplicity free U(2)-manifold with trivial principal
1sotropy group.

Set n = ((1) (1)) € U(2). The T-fized points in M are

x1:=[e,[1:0:0]], xg:=[n,[1:0:0]], x3:=[e,[0:1:0]],
x4 :=[n,[0:1:0]], z5:=[e,[0:0:1]], z6:=[n,[0:0:1]]

and their images under iy are (in the same order)
(4.2) —€1 — &9, —&1 — €9, —2e9, —2¢1, ja — &9, —ja — €.

The momentum polytope of (M, punr) is the triangle (—e1 — e2) +
conv(0, v, ja + €1) in case (3) of Proposition 4.2
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(f) If s € R,t € Ry, then
st = tpar + (s + t)(e1 + £2)

s a momentum map for the symplectic form twy; on M. The momentum
polytope of the multiplicity free U(2)-manifold (M, u%y) is the triangle

s(e1 +e9) +t - conv(0, , jor + 1)

of case (3) in Proposition /.2

Figure 4: The triangle in part (e) of Proposition 4.6 for j = 0, j = 1 and
j=3.

Proof. Part (a) is just an application of Proposition 2.14.

We proceed to assertion (b). The assertion about ¢y; follows from the fact
that C_jo, = V : 2+ 2v is a B~ -equivariant injective linear map. The claim
about ¢y is a standard fact; see, e.g., [Tim11, Lemma 2.3].
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The assertion in (c) that (M,war, uar) is a Hamiltonian U(2)-manifold
follows from standard and well-known facts about Hamiltonian actions. Fur-
thermore, a straightforward computation shows that the isotropy group U(2),
of (for example) x = [e,[1 : 1 : 1]] € M is trivial, which implies that the prin-
cipal isotropy group is trivial as well. It now follows from Eq. (2.13) and from
the fact that M is compact and connected, that M is a multiplicity free.

To prove (d) we will use Example 2.2. A straightforward calculation shows
that the listed points are the six T-fixed points in M. It follows that their im-
ages under p7 lie in t* 2 (£)7. Let ¢ € t. We begin by computing gy (21)(€).
First off,

vy o uar(21) = ([ea], [e1 ®0]).
Since ey has weight €5 and e; has weight 1, we have € - eg = 2my/—1e2(&)es
and £ - (e1 & 0) = 2w/ —1e1(§)(e1 @ 0) which implies that

1 ([e2])(§) = —e2(€) and pa2([er ® 0])(§) = —e1(§).

The claimed equality ppr(x1) = —e1 — 3 follows.
Similar elementary computations yield the images of x9 through xg under
Ko, using

vy oLy (22) = ([e1],[e2 @ 0]), vy o em(xs) = ([ea], [e2 & 0]),
vy oty (24) = ([e], [er @ 0]),
vy oty (w5) = ([e2), [0 V]), ty o tar(ws) = ([e1], [0 ® nv])

and
& v =2mV/=T(—ja)(©)v, € nv = 2mv/=1(ja)(E)nv,

which hold because v has weight —ja and nv has weight ja.
We turn to (e). Since

u:= up(rg) = —2e9 and w := pps(z5) = jo — 9
are the only weights in (4.2) that belong to the interior of t,, they are the
only possible vertices of P(M) in the interior of t;, thanks to Theorem 2.3(a).

In order to apply part (b) of Theorem 2.3, we next show that the T-weights
in the symplectic slice N, of M at z3 are

I, = {a, —ja —ea}
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whereas those in the symplectic slice N,, at x5 are
Hz5 = {jOé + 51,jOé =+ 52}'

Indeed, as M comes with an invariant complex structure which is compatible
with wys by construction, we have the following isomorphisms of T-modules

N:z:g = T:rgM/Tza (K : .%‘3) = T‘[O:I:O][P)((C2 @ (C—ja) = (C51—52 D C_jo‘_52
Nm5 = T[O:Q:l]]P)((CZ ® (C—ja) = <C€1+joz S3) C62+ja

Since the two weights in II,, are linearly independent, Theorem 2.3(b) implies
that 3 is a vertex of P(M), and the same holds for 5. As

w—(jat+e)=u and u—a=w-— (ja+te)=—e — e

it also follows from part (b) of Theorem 2.3 that —e1 —e&5 is the only remaining
vertex of P(M), and we have proven that

P(M) = conv(—e1 — €9,u,w),

as required.
Finally, assertion (f) follows from Lemma 4.4. O

With proofs similar to that of Proposition 4.6, one establishes the follow-
ing descriptions of the U(2)-manifolds associated to the triangles (4) and (1)
of Proposition 4.2.

Proposition 4.7. Let j € N and set
M = GL(2) xp- P((C*)* & C_j,)
where the group B~ of lower triangular matrices in GL(2) acts on P((C?)* @

C_ja) through the linear action of GL(2) on (C*)* dual to the standard action
on C? and with weight —ja on the 1-dimensional space C_jq.

(a) The map
U(2) x7 P((C*)" & C_j(ey—en)) = M, [g, 1] = L9, W]

is a U(2)-equivariant diffeomorphism.
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(b) Let V' be the irreducible GL(2)-representation with highest weight jo
and let v € V' be a lowest weight vector in V. Then

ga M = P(C?) < P(C*)* @ V), [g, [u® 2]] = ([gea], [gu & gav])

is a GL(2)-equivariant closed embedding.
(¢c) Let wy be the Fubini-Study symplectic form on P(C?) and

p1 s P(C?) = u(2)*

the associated momentum map as in Example 2.2, wo the Fubini-Study
symplectic form on P((C%)* @ V) and pg : P(C*H* & V) — u(2)* the
associated momentum map. If wyr is the pullback along jar of the sym-
plectic form wy + wq on P(C?) x P((C?)* @ V) then wyy is a symplectic
form on M with momentum map

panr = (pa + p2) © jur

and (M, par) is a multiplicity free U(2)-manifold with trivial principal
1sotropy group.

(d) The momentum polytope of (M, par) is the triangle conv(0, o, ja — £9)
in case (4) of Proposition 4.2

(e) If s € Rt € Ry, then

w3 =t + s(er + €2)

is a momentum map for the symplectic form twy; on M. The momentum
polytope of the multiplicity free U(2)-manifold (M, uf\}) is the triangle

s(e1 +e2) +t - conv(0, a, ja — e9)

in case (4) of Proposition /.2.

Proposition 4.8. Let ai, by, as, by € Z with det (le (blz) =1landa;+b; >0

for each i € {1,2}. Set 61 = ai(—e2) + bie1, da = as(—e2) + baey and
M — GL(2) XB* ]P(C @ (C—51 @ (C—az)

where the group B~ of lower triangular matrices in GL(2) acts on P(C &
C_s, ® C_s,) through its linear action with weight 0, —6; and —dy on the
1-dimensional spaces C,C_s, and C_s,, respectively.
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Figure 5: The triangle in part (d) of Proposition 4.7 for j = 3.

(a) The map
U(2) XT ]P)((C D Cf& D C*(SQ) - Ma [gv [y“ = [ga [y”

is a U(2)-equivariant diffeomorphism.
(b) Fori e {1,2}, let V; be the irreducible GL(2)-representation with lowest
weight —6; and let v; be a lowest weight vector in V;. Then

jp M = P(C?) x P(CH VL @ Va),
[, [20 ® 21 @ 22]] = ([gea]; [20 © gz1v1 D gzava))

is a GL(2)-equivariant closed embedding.
(c) Letc € Rug. We write wy for the Fubini-Study symplectic form on P(C?)
and

1 s P(C?) = u(2)*
for the associated momentum map as in Example 2.2, ws for the Fubini-
Study symplectic form on P(CHVI®V3) and g : P(CHVI V) — u(2)*
for the associated momentum map. If w§; is the pullback along jr of

the symplectic form cwi + wy on P(C?) x P(C® Vi & Vi) then W, is a
symplectic form on M with momentum map

s = (cpa + i) © jur
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and (M, p15) is a multiplicity free U(2)-manifold with trivial principal
1sotropy group.

(d) The momentum polytope of (M,uS,) is the triangle c(—eq) +
conv(0,01,02) in case (1) of Proposition 4.2

(e) If s € R,r,t € Ry, then

st = i 4 s(ey + e9) = (rpa + tua) o jas + s(e1 + £2)

is a momentum map for the symplectic form tw%t = rwy +twy on M.
The momentum polytope of the multiplicity free U(2)-manifold (M, 115y)
is the triangle

r(—e2) + s(e1 +€2) +t - conv(0, 61, 02)

of case (1) of Proposition 4.2.

Figure 6: The triangle in part (d) of Proposition 4.8 for ¢ = 1, (al a2) =

by bo
1 -1
(0 1 )

Remark 4.9. The following illustrates a phenomenon already observed in
[Wo098b, Remark 4.4] for the acting group SU(2): in contrast to the toric
case (see [LT97, Remark 9.5]), multiplicity free manifolds for a non-abelian
acting group may admit invariant compatible complex structures that are not
equivariantly isomorphic. As we will now make precise, the complex manifolds
in Propositions 4.6 and 4.7 also carry compatible Hamiltonian structures that
realize triangles in case (1) of Proposition 4.2. For these triangles, the cor-
responding multiplicity free U(2)-manifold admits two compatible invariant
complex structures that are not equivariantly isomorphic: the one in Propo-
sition 4.6 or Proposition 4.7 and the one in Proposition 4.8.
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Indeed, let j, M, uq, po, w1, wo, ty and tpy be as in Proposition 4.6. For
r,t € Ryg and s € R we set

(43) M}"\’j’t = [(7“ + t)/,cl + tug] oLy oLy + (8 + t)(El + 82).

Then (M, (r + t)wy + twa, ") is the multiplicity free U(2)-manifold with
trivial principal isotropy group whose momentum polytope is the triangle

r(—e2) + s(e1 + e2) + t - conv(0, o, jou + €1)
= r(—e2)+s(e1 +e2) +t-conv(0,e1 — €9, (j + 1)e1 — jea)

in case (1) of Proposition 4.2 with (le Z;) = G j _]1_ 1). Observe that, com-

pared to the momentum map uf\;[t of Proposition 4.6(f), the ‘new’ term ruy in
,uf\j’t of Eq. (4.3) just causes the ‘old” momentum polytope to be translated
by r(—¢2):

P(M, yr") = P(M, jiyy) + r(—e2).

That the invariant compatible complex structure in Proposition 4.6 on this
Hamiltonian manifold (M, uy2") is not U(2)-equivariantly isomorphic to the
one in Proposition 4.8 can be seen as follows. If they were, then the complex
GL(2)-manifolds in the two propositions would be GL(2)-equivariantly iso-
morphic (see, e.g., [Hei9l, §1.4]), but this is not the case: the unique open
GL(2)-orbit of the complex manifold GL(2) x g- P(C? @ C_j,) from Propo-

sition 4.6 is

GL(2) - [e, [e1 @ 1]] = GL(2) /{ (ZO] zjqu> tzeC” },

whereas the unique open GL(2)-orbit of GL(2) xp- P(C® C_, ® C_j0_¢,)
from Proposition 4.8 is

GL(2)-[@,[1@1@1H%GL(Q)/{CL ?) :aE(C}.

Similarly, if 7, M, 1, po, w1, wa, ty and ¢y are now as in Proposition 4.7;
r,t € Ryg; s € R and we set

rs,t .

pyp = (r +t)p +tue) oty 0wy + s(er + €2),
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then (M, (r + t)wy + tws, uy2") is the multiplicity free U(2)-manifold with
trivial principal isotropy group whose momentum polytope is the triangle

r(—e2) + s(e1 +e2) + t - conv(0, o, jou — €2)
= r(—eg) +s(e1 +e2) +t-conv(0,e1 —e2,je1 — (§ + 1)e2)
in case (1) of Proposition 4.2 with (le Zj) = (j ;1 1) That the invariant

compatible complex structures on M from Proposition 4.7 and Proposition 4.8
are not equivariantly isomorphic can be shown exactly as in the previous case.

Finally, we describe the multiplicity free U(2)-manifold associated to the
momentum polytope (5) of Proposition 4.2.

Proposition 4.10. Let
M =S0(5)/[SO(2) x SO(3)]

be the Grassmannian of oriented 2-planes in R®. We give M the structure
of a Hamiltonian SO(5)-manifold by viewing it as the coadjoint orbit through

the short roots of SO(5), with respect to the mazimal torus S = {(§ % %) :

A, B € SO(Q)}. We define an embedding v : U(2) < SO(5) by embedding
SO(4) into SO(5) as the upper left block and identifying U(2) with the cen-
tralizer of {(49): A€ S0(2)} in SO(4) in such a way that the restriction
of v to T is an isomorphism from T onto S that identifies the shorts roots of
SO(5) with the four weights —e1, —€2,e1,62 € A of U(2).

Let ppr + M — u(2)* be the momentum map and wyy be the symplectic
form of the restricted Hamiltonian U(2)-action on M induced by the inclusion

L U(2) = SO(5).

(a) (M,wnr, piar) s a multiplicity free U(2)-manifold with trivial principal
isotropy group whose momentum polytope is the triangle conv(0, e1, —&3),
in case (5) of Proposition 4.2.

(b) If s € R and t € R>q, then (M, twar, tun + s(e1 +€2)) is a multiplicity
free U(2)-manifold with trivial principal isotropy group whose momen-
tum polytope is the triangle

s(e1 +e2) +t-conv(0,e1, —&2),

of case (5) of Proposition 4.2.
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Proof. Since (b) follows from (a) and Lemma 4.4, we only need to prove
part (a). Let r : u(2)* — t* be the restriction map. Then pp = 7 o uys is the
momentum map of the restricted T-action on M. The momentum polytope
Pr(M) = pp(M) of this restricted T-action was computed in [CK13, Example
4.2] to be the following square:

(4.4)

In this picture, the lines (also the ones in the interior of the momentum image)
are the images under pp of the points of M with nontrivial T-isotropy, and
the dots are the images of the four 7T-fixed points. Our goal is to show that
the U(2)-momentum polytope P(M) of M is

(4.5) ; €1

. _62

and that A is a multiplicity free U(2)-Hamiltonian manifold with trivial
principal isotropy group.
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By Theorem 2.3(a), any vertex of P(M) that lies in the interior of t; is the
image under py; of a T-fixed point. Together with Proposition 2.5 it follows
that €1 and —e5 are the only two vertices of P(M) in t;. In order to show that
P(M) is the asserted triangle, we now only need to prove that the two points
where the boundary of the T-momentum image Pp(M) intersects the Weyl
wall do not lie in P(M). Let ¢ be the T-fixed point on M with pas(q) = e1.
Then the orbit U(2) - ¢ = U(2)/T = S? is, via the T-momentum map 7,
mapped onto the line segment between €1 and 5. This implies that the weights
of the T-representation on the symplectic slice N, in ¢ are given by the direc-
tions of the other two rays emerging from ¢; in (4.4). Then Theorem 2.3(b)
implies that P(M) has the desired form locally around e;. Together with
similar considerations near —e9, this forces P(M) to be globally as claimed.

Next we show the claim that M contains points with trivial isotropy.
A neighborhood of ¢ is U(2)-equivariantly diffeomorphic to U(2) xp N, (see
Remark 2.4(b)). Note that T" acts on the symplectic slice N, with two weights
which form a basis of the weight lattice A, because they are a long and a short
root of SO(5). The claim follows. Since M has dimension 6, Eq. (2.13) now
yields that M is a multiplicity free U(2)-manifold. O

5. Diffeomorphism types

In this final section, we discuss the nonequivariant diffeomorphism types of the
manifolds in Table 2. We start off with a brief review of some standard facts
in the theory of (real or complex) vector bundles V — E = S* with structure
group G C GL(V) over spheres (for details, see [Hat17, Section 1.2]). Denote
by N and S the north and south pole of the k-sphere S* (k > 2), respectively.
Then both U~ := S¥\ {N} and Ut = S*\ {S} are homeomorphic to the
open k-disk UF and therefore contractible, so there are trivializations

o U) = U xV, ¢T:n ' (UY) =UTxV.
Now, as U~ NU*+ = §%~1 x (—1,1), we obtain a map
ptop : SFIx (-1, 1) xV = SF 1 x (=1,1) x V,

which is of the form (x,t,v) — (z,t,v(x,t)(v)), for amap v: S¥1x(-1,1) —
G. In particular, the map

VE : Skil — G7’7E(x) = 7(‘%‘70)7

defines an element [yz] in the set [S¥~1 G] of free homotopy classes of maps
from S*~! to G.
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Conversely, given an element [y] € [S¥~!, G] represented by v: ¥~ — G,
we can define a bundle V' — E, 5 S* by gluing two copies of D* x V| where
D¥ is the closed k-disk, together via ~. More precisely, writing D~ x V and
Dt x V for the two copies of D* x V', we define

E,:= (D" xV)Uy, (D" xV),

where ¢,: 0D~ x V — DT x V is given by ¢, (z,v) = (z,v(x)(v)). This is
called the clutching construction and  the clutching function. It turns out
that the isomorphism class of this bundle only depends on the free homo-
topy class of v and that this construction inverts the assignment [E] — [vg]
described above. In summary, we have the following

Theorem 5.1. The map from [S*~1 G] to the set of isomorphism classes of
vector bundles V — E — S* with structure group G C GL(V), which is given
by mapping [y] € [S¥71,G] to the isomorphism class of the bundle E., is a
bijection. Its inverse is given by the assignment [E]| — [vg].

Recall that the set Vect!(S?) of isomorphism classes of complex line bun-
dles over S? is an abelian group with respect to the tensor product operation.
Theorem 5.1 gives us the bijection Vect!(S?) — [S', GL(1,C)], [E] — [y&].
Since S = U(1) c GL(1,C) is a deformation retract of GL(1,C) = C* we
can identify [S?, GL(1, C)] with [S!, S'] = m1(S*). Also, by definition, the ten-
sor product of two line bundles F; and Fs has the clutching function vg, - vg,
(multiplying in S' = U(1)), which makes the assignment

Vect' (S?) — m1(S") : [E] — [vE]

a group homomorphism and, by Theorem 5.1, a group isomorphism.

We now fix group isomorphisms ¢ : Vect' (S?) — Z and ¢y : m(S*) — Z.
Such isomorphisms are unique up to sign, but it will turn out that the choice
of sign will not be important in what follows. By abuse of notation, we will
write ¢1(E) for ¢1([E]) and ¢2(y) for ¢2([n]). Since H*(S?,Z) = Z, ¢1(E)
can be understood as the Chern class of the complex line bundle F up to
sign, see e.g. [Hat17, Proposition 3.10].

Lemma 5.2. Let S* act on S? by standard rotation and on two copies of C
via weights k1 € Z and ky € Z, respectively. Consider the corresponding S*-
equivariant line bundle C — E — S? with weight ki on the fiber at the south
pole S and ko on the fiber at the north pole N. Then ¢1(E) = £(k1 — ka),
depending on the chosen ¢;.
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Proof. We only have to determine ¢»(7) up to sign, where v : St — St is the
clutching function of the line bundle E. Trivializations of E around S and N
look like D? x C with S'-actions

s-(21,20) = (s21,8M29)  and  s- (21, 2) = (s21, 5™ 2),

respectively. The isomorphism between the boundaries of these two trivial-
izations induced by the clutching function v has to preserve this S'-action,
which gives the condition (now z; € 9D? = S!)

(521,7v(s21)s™ 2) = (s21, 8" y(21) 22).

This immediately implies that ¢o(7) is £(k1 — ko), the sign depending on the
choice of ¢s. O

Theorem 5.3. There are precisely four diffeomorphism types occurring in

Table 2:

(a) the manifolds in case (2) are diffeomorphic to P(C*),

(b) the manifold in case (5) has the diffeomorphism type of the Grassman-
nian of oriented 2-planes in R,

(c) those manifolds U(2) xp P(V) in cases (1), (3) and (4) for which the
first Chern class of the vector bundle V- — U(2) xp V. — U(2)/T is
divisible by 3 are diffeomorphic to S* x P(C3),

(d) those manifolds U(2) xp P(V') in cases (1), (3) and (4) for which the
first Chern class of the vector bundle V- — U(2) xp V. — U(2)/T is
not divisible by 3 are diffeomorphic to the total space of any non-trivial
P(C3)-bundle over S2.

Proof. As P(C%) is spin and the aforementioned Grassmannian is not, these
two manifolds are not diffeomorphic. In addition, both of them are not dif-
feomorphic to the manifolds occurring in cases (1), (3) and (4) of Table 2 due
to the equality of Euler characteristics x(M) = x(M?T) which holds for any
torus action on a compact manifold M, see [Kob58]. The real task here is to
distinguish between the manifolds in cases (1), (3) and (4).

Let M = U(2) xp P(V) be one of these manifolds. As the projective
bundle of the vector bundle E = U(2) x7 V of rank 3 over U(2)/T = S?, it
can be described by a clutching function v: S' — PGL(3,C), which comes
from the clutching function 4 of E. Because F is the sum Li & Ly & L3
of three line bundles, we have 5 = (v1,72,73): ST — U(1)® C U(3), where
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1,72 and 3 are the clutching functions of L, Ly and L3. The class of 4 in
m1(U(3)) = m1(GL(3,C)) = Z is now given by

P2(det(Y)) = ga(71) + Pa(12) + Pa(73).

It follows that the class of 7 in [S1, PGL(3,C)] = m(PGL(3,C)) = Z/3Z is
determined by the value

f() = [2(m1 72 - 13)] = [d2(11) + p2(12) + d2(13)] € Z/3Z,

since the fibration Z(GL(3,C)) — GL(3,C) — PGL(3,C) induces a short
exact sequence

0 — m(Z(GL(3,C))) — m(GL(3,C)) — m (PGL(3,C)) — 0.

Note that f(v) is equal up to sign to ¢1(L1) + ¢1(La) + ¢1(L3) modulo 3,
where the L; are the line bundles from above and ¢, is the fixed isomorphism
Vect!(S?) — Z.

We only need to check that the total spaces E; and E_; of the P(C?)-
bundles with f(y4) = 1 and f(y_) = —1, where v, : S' — PGL(3,C) and
v_ : St — PGL(3,C) are the clutching functions of F; and E_;, are diffeo-
morphic, and that E; and S? x P(C?) are not (note that all these statements
do not depend on the isomorphisms ¢; and ¢ we have chosen).

Because the vector bundles of E1; are sums of three line bundles, the first
statement follows immediately from the fact that two complex line bundles
over S%, whose first Chern classes differ only in their sign, are C-antilinearly
isomorphic (as a change in sign of the first Chern class corresponds to a
change in sign of the complex structure on the fiber). The second statement
is true as £ and S? xP(C?) are not even homotopy equivalent. Indeed, by e.g.
[Hus94, §17.2], the cohomology ring of Ey is Z[z,y]/ (22, y> + zy?), where x
represents a generator of H*(S?) and y represents a generator of H*(P(C?)),
whereas H*(S? x P(C?)) = Z[z,y]/(x?,y?). These two cohomology rings are
not isomorphic since any graded ring isomorphism

Zz,y)/(2*,y°) = Zlz,y)/ (=%, y* + zy?)

would have to send x to £x and therefore y to ax £+ y for some a € Z, but
y® = 0 on the left, whereas (ax 4 y)® = 3axy? 4+ y> # 0 on the right. O

Remark 5.4. In order to determine the first Chern class modulo 3 of the
C3-bundle E giving the P(C3)-bundle M of case (1), (3) or (4) in Table 2, it
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is sufficient to look at the directions A\; = a1e1 4+ b1e2 and Ay = ageq + bogs in
which the edges of the momentum polytope P(M) emerge at some vertex v.
Indeed, a neighborhood of the U(2)-orbit ¥~!(v) in M looks like the bundle
L' =U(2) xp (C_y, ®C_),). Now consider the action of U(1) x {e} C T C
U(2) on L' and note that the weights of that circle action on the fiber over
eT € U(2)/T are given by —a; and —ag, whereas the weights in the fiber over
the other T-fixed point in U(2)/T are —b; and —by. Using Lemma 5.2, we see
that the first Chern class of L is (up to sign) equal to —a; —as + by + by. Now
observe that P(L' @ C) = P(E) = M, which implies that M is diffeomorphic
to S% x P(C3) if and only if a; + as — by — by is a multiple of 3.
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